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Quantum decoherence of excitons in a leaky cavity with quasimodes
Yu-xi Liu, C. P. Sun, and S. X. Yu
Institute of Theoretical Physics, Academia Sinica,
P.O.Box 2735, Beijing 100080, China
For the excitons in the quantum well placed within a leaky cavity, the quantum decoherence of
a mesoscopically superposed states is investigated based on the factorization theory for quantum
dissipation. It is found that the coherence of the exciton superposition states will decrease in an
oscillating form when the cavity field interacting with the exciton is of the form of quasimode. The
effect of the thermal cavity fields on the quantum decoherence of the superposition states of the
exciton is studied and it is observed that the higher the temperature of the environment is, the
shorter the decoherence characteristic time is.
I. INTRODUCTION
The quantum coherence of superposition states is a
basic principle governing the quantum world. The ques-
tion why macroscopic superposition states are not ob-
servable has been raised by Schro¨dinger in his famous
cat paradox [1,2]. Recent experiments demonstrated that
the coherent superposition and its losing process can be
observed in the laboratory, at least in the mesoscopic
domain. In an experiment performed by Wineland’s
group [3], a superposition of two different coherent states
for an ion oscillating in a harmonic potential was cre-
ated as the Schro¨dinger cat. In another experiment [4],
two coherent states of a cavity mode are also superposed
coherently by the atoms passing the cavity with large
detuning.
In fact, the ideal coherent superposition state can only
live in quantum world which are free from external influ-
ence. A real quantum system can rarely be completely
isolated from its surrounding environment and is usually
coupled to the external world (also called “heat bath”)
with a large number of degrees of freedom. Not only
does the usual coupling allow for an exchange of energy
between system and bath causing dissipation [5,6], there
also exist different interactions leading to the so-called
pure decoherence, the decoherence without energy dissi-
pation. So the quantum mechanical interference effects
are destroyed very rapidly due to the two influences of
the environment, quantum dissipation and decoherence.
When they happen, a superposition state of the system
evolves into a statistical mixture state.
In passing years, quantum decoherence has been exper-
imentally studied for various systems by using different
techniques, such as the “which-way” experiments using
atoms in Bragg scattering [7] and the Aharonov-Bohm
electrons in mesoscopic system [8]. Recently, the deco-
herence of superposed motional states of a trapped single
atom, which is induced by coupling the atom or ion to
engineered reservoirs, was tested quantitatively in the ex-
periments with cooling atoms and ion [9].
This paper is devoted to studying quantum decoher-
ence in a solid-state-system, specially in the system of
excitons. The motivation to investigate such kind of sys-
tems is to consider the practical realization of the quan-
tum information processes, such as quantum computing
and quantum communications [10]. The coherence is
the essential requirement for the quantum information,
but the decoherence will result in errors in the process of
the computation and quantum communication. So the
quantum decoherence is the biggest obstacle for its im-
plement [11]. To overcome quantum decoherence, one
should know its dynamic details theoretically and exper-
imentally in various physical systems that are the po-
tential carriers of quantum information. In solid-state
system, maximally entangled states of Bell-type for exci-
ton in two coupled quantum dots, and Greenberge-Horre-
Zeilinger type for three coupled dots have been investi-
gated [12]. The decoherence effects on the generation of
entangled states of exciton have been investigated for the
coupled quantum dot systems [13].
We will touch upon this problem for the system of
exciton in the quantum well immersed in a leaky cav-
ity with the dissipative cavity fields described by quasi-
modes [14].
In the case of low excitation, the collective behavior
of many-molecule can be described by a bosonic exci-
ton [15]. Therefore the total system can be modeled as a
standard harmonic oscillator-bath (or environment) sys-
tem. The coupling strength between the cavity fields
and the excitons obeys the Lorentz spectral distribution
around Ω. For such a typical system without any practi-
cal concerning, one of the authors (CPS) and his collab-
orators even systematically studied its quantum dissipa-
tion and decoherence in association with quantum mea-
surement problem by consider the factorization [6,16–19]
and partial factorization [20] of the wave function of the
total system. This paper will generalize the partial fac-
torizaton method to discuss quantum decoherence of ex-
citons in a leaky cavity.
The paper is organized as follows. In section II, we first
give a theoretical model and do our best to find an ana-
lytical solutions of the Heisenberg operators of the cavity
fields and the exciton. In section III, by investigating the
decoherence of the superposition state of the exciton, we
find that, because of the effects of the environment on
the system of exciton, the coherence of the superposi-
tion states of the exciton is suppressed in a oscillating-
decaying way. In section IV, we study the quantum de-
coherence with the environment of thermal fields at finite
temperature. Finally we give our conclusions and some
necessary remarks.
II. THEORETICAL MODEL AND EXACT
SOLUTIONS
We consider a quantum well placed within a leaky
Fabry-Perot cavity [14]. The quantum well lies in the
center of the cavity. It has a ideal cubic lattice with
N lattice sites. It is so thin that it only contains one
molecular layer. We assume that N identical two-level
molecules distribute into these lattice sites. All these
molecules have equivalent mode positions, so they have
the same coupling constant. The density of excitation for
the molecules is somewhat low and the inter-molecular
interactions are neglected. It is also assumed that the
direction of the dipole moment for molecules and wave
vectors of the cavity fields are perpendicular to the sur-
face of the quantum well. These molecules interact res-
onantly with a quasi-mode field with the frequency Ω.
By using Dicke model [21], we write down the Hamilto-
nian for the quantum well and the cavity fields under the
rotating wave approximation:
H = h¯ΩSz + h¯
∑
j
ωj aˆ
†
jaˆj + h¯
∑
j
gj(aˆ
†
jS+ + aˆ
†
jS−) (1)
with the collective operators
SZ =
N∑
n=1
sz(n), S± =
N∑
n=1
s±(n), (2)
where sz(n) =
1
2 (|en〉〈en| − |gn〉〈gn|), s+(n) = |en〉〈gn|
and s−(n) = |gn〉〈en| are quasi-spin operators of the n-
th molecule. Here |en〉 and |gn〉 the excited state and
the ground state of n-th molecule, Ω is a transition fre-
quency of the isolate molecule. Operators aˆ†j(aˆj) are cre-
ation (annihilation) operators of the field modes which
labeled by continuous index j and the field frequency of
each mode is denoted by ωj . The coupling constant gj
between the molecules and the cavity fields takes a simple
form which is proportional to a Lorentzian
gj =
ηΓ√
(ωj − Ω)2 + Γ2
, (3)
where η depends on the atomic dipole [22] and Γ is the de-
cay rate of a quasi-mode of the cavity with a frequency
Ω. In this paper we restrict our investigation to only
one quasi-mode cavity. Because the excitation of the
molecules is somewhat low, so we will make a bosonic
approximation [15,23,24] bˆ = S√
N
and bˆ† = S
†√
N
with
[bˆ, bˆ†] = 1. Then the interaction between the cavity field
and the quantum well occurs via excitons. The Hamilto-
nian (1) is changed into
H = h¯Ωbˆ†bˆ+
∑
h¯ωj aˆ
†
jaˆj +
∑
g(ωj)(aˆ
†
j bˆ+ bˆ
†aˆj) (4)
with g(ωj) =
√
Ngj. In the terms of Hamiltonian (4), we
may write the Heisenberg equations of motion for the op-
erators of the field modes aˆk(aˆ
†
k) and the excitons bˆ
†(bˆ):
∂bˆ
∂t
= −iΩbˆ− i
∑
g(ωj)aˆj , (5a)
∂aˆj
∂t
= −iωjaˆj − ig(ωj)bˆ. (5b)
The integral equation of Eq.(5b) may be written as
aˆj(t) = aˆj(0)e
−iωt − ig(ωj)
∫ t
0
bˆ(t′)e−iωj(t−t
′)dt′. (6)
We firstly substitute Eq.(6) into Eq.(5a) and eliminate
the field operators. Secondly, we let bˆ(t) = Bˆ(t)e−iΩt to
remove the high-frequency behavior from Eq.(5a). Then
the equation of motion for the slowly varied exciton op-
erator is
∂Bˆ
∂t
= −
∫ t
0
Bˆ(t′)K(t− t′)dt′ + η(t) (7)
with the general memory kernal function K(t −
t′) =
∑
j |g(ωj)|2e−i(ωj−Ω)(t−t
′) and η(t) =
−i∑j g(ωj)aˆj(0)e−i(ωj−Ω)t. By use of the Laplace trans-
formation, we could solve Bˆ(t) and find bˆ(t)
bˆ(t) = Bˆ(t)e−iΩt = [u(t)bˆ(0) +
∑
uj(t)aˆj(0)]e
−iΩt (8a)
where the time-dependent coefficients are
u(t) = L−1 {u˜(p)} (8b)
u˜(p) =
{
p+ K˜(p)
}−1
(8c)
and
uj(t) = L−1
{
g(ωj)
p+ i(ωj − Ω) u˜(p)
}
(8d)
L−1 denotes the inverse Laplace transformation and
K˜(p) is the Laplace transformation of the general mem-
ory kernal function K(t − t′). Substituting Eqs.(8) into
Eq.(6), we have
aˆj(t) = e
−iωjtaˆj(0) + vj(t)bˆ(0) +
∑
vj,j′(t)aˆj′ (0) (9)
here, the time-dependent coefficients vj(t) and vj,j′ (t) are
determined by
vj(t) = −ig(ωj)e−iωt
∫ t
0
u(t′)ei(ωj−Ω)t
′
dt′, (10a)
vj,j′ (t) = −g(ωj)e−iωt
∫ t
0
uj(t
′)ei(ωj−Ω)t
′
dt′. (10b)
In order to obtain above time-dependent coefficients , we
begin to solve the function K(t − t′) by changing the
sum
∑
j into the integration
L
pic
∫∞
0
dωj which L is the
length of the cavity and c is the speed of the light in the
vacuum [25], that is
K(t− t′) = η
2Γ2NL
pic
∫ ∞
0
e−i(ωj−Ω)(t−t
′)
(ωj − Ω)2 + Γ2 dωj . (11)
If we assume that Ω is much larger than all other quan-
tities of the dimension of frequency, and Γ is small quan-
tity. We may adopt to the standard approximation of
extending the lower limit of the integral Eq.(11) to −∞.
By integrating eq.(11) we have:
K(t− t′) =MΓe−Γ|t−t′| (12)
with M = Nη
2L
c
. In the following calculation, we only
need time-dependent coefficients u(t) and vj(t). So after
we give the Laplace form of the function K(t − t′), we
will obtain u(t) by use of Eqs.(8b-8c) as following
u(t) = [cos(
Θ
2
t) +
Γ
Θ
sin(
Θ
2
t)]e−
Γ
2
t (13)
where Θ =
√
4MΓ− Γ2. vj(t) also can be obtained by
integral eq.(10a) as
vj(t) = −ig(ωj)(
1 − i ΓΘ
2
)
ei(
Θ
2
−Ω)t−Γ
2
t − e−iωjt
i(Θ2 + ωj − Ω)− Γ2
−ig(ωj)(
1 + i ΓΘ
2
)
e−i(
Θ
2
+Ω)t−Γ
2
t − e−iωjt
i(ωj − Θ2 − Ω)− Γ2
(14)
III. DECOHERENCE OF MESOSCOPIC
SUPERPOSITION STATES OF EXCITON
If we prepare a superposition state for the system of
the exciton, that is, the exciton initially is in the state
C|α1〉+D|α2〉 where α1 or α2 is a coherent state for the
exciton, and the cavity fields are in the vacuum states∏
j |0〉j (zero temperature). Thus the whole initial state
for the exciton and the cavity fields is the product of the
initial state of the exciton and the cavity fields.
|Ψ(0)〉 = (C|α1〉+D|α2〉)
⊗∏
j
|0〉j . (15)
In order to discuss the coherence properties for the sys-
tem of excitons, we have to calculate the time evolution
of the wave function. For this purpose, we firstly write a
state for the whole system at any time t by virtue of the
evolution operators of the whole system U(t) = e−i
Ht
h¯ :
|Ψ(t)〉 = U(t)|Ψ(0)〉 = U(t)(C|α1〉+D|α2〉)
⊗∏
j
|0〉j .
(16)
Because for any coherent state of the exciton we have
|α〉 = exp(αb†(0)− α∗b(0))|0〉 (17)
So we have
|Ψ(t)〉 = U(t)[Ceα1b†(0)−α∗1b(0) +Deα2b†(0)−α∗2b(0)]|0〉⊗∏
j
|0〉j (18)
Considering the role of the evolution operator U(t), that
is, U †(t)OU(t) = O(t) and U(t)|0〉 = |0〉 for any operator
O. We interpolate operator U †(t)U(t) into Eq.(18) and
use the property of the evolution operator U(t). we eas-
ily obtain the wave function of the whole system at any
time t
|Ψ(t)〉 = C|α1u∗(t)〉
⊗∏
j
|α1u∗j (t)〉j
+ D|α2u∗(t)〉
⊗∏
j
|α2u∗j(t)〉j (19)
We could calculate the reduced density matrix of the ex-
citon system at any time t by TrR(|Ψ(t)〉〈Ψ(t)|), and
obtain the decoherence factor by calculating one of the
non-diagonal elements, such as
F (t) =
∏
j
〈α∗1uj(t)|α2u∗j (t)〉
= e
(− 1
2
|α1|2− 12 |α2|2+α∗1α2)
∑
j
|uj(t)|2
. (20)
We know that [bˆ(t), bˆ†(t)] = 1. From Eq.(8a) and its
complex conjugate, we have∑
j
|uj(t)|2 = 1− |u(t)|2
= 1− |cos(Θ
2
t) +
Γ
Θ
sin(
Θ
2
t)|2e−Γt. (21)
3
Eq.(20) becomes into:
F (t) = e(−
1
2
|α1|2− 12 |α2|2+α∗1α2)(1−|cos(Θ2 t)+ ΓΘ sin(Θ2 t)|2e−Γt)
(22)
so with the evolution of the time, the coherence of two
coherent states of the excitons is suppressed. It is evident
when the time t→∞, because of the environment effect,
the energy of the exciton will be dissipated and states of
the exciton will turn into vacuum states. We consider a
behavior of the short time, that is γt, Θ2 t ≪ 1, then the
decoherence factor is
F (t) = e(−
1
2
|α1|2− 12 |α2|2+α∗1α2)Γt (23)
The characteristic time td of the decoherence of the exci-
ton superposition states is [(12 |α1|2+ 12 |α2|2−α∗1α2)Γ]−1.
The coherent properties of the exciton states is deter-
mined by their initial superposition states and the decay
rate of the quasimode. The smaller the superposition of
|α1〉 and |α2〉 is, The shorter the decoherence time td is.
Now we consider a special case in which many people
are interested [26–29], that is, the system is initially in
the odd or even coherent states of the exciton. We set
α1 = −α2 = α, then the decoherence factor is
F (t) = e−2|α|
2(1−|cos(Θ
2
t)+ Γ
Θ
sin(Θ
2
t)|2e−Γt)
In fig.1, we give a sketch of the decoherence factor as the
function of the time t in a set of parameters. We find
that the coherence of the exciton system will decrease in
the oscillating decay form. It is similar to the case of the
experiment [9]
In terms of the definition of the coherent state of the
exciton, we know that |α|2 is the mean number of the
excitons. Hence by adjusting the initial number of the
excitons we could completely determined the decoherence
time and. The smaller the mean number of the exciton
is, the longer the decoherence time.
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FIG. 1. h¯Γ=0.05 mev, |α|2=0.01, h¯M=20 mev
IV. TEMPERATURE EFFECT ON COHERENCE
In this section, we will discuss the temperature effect
on the coherent properties of the exciton superposition
states. For a single mode thermal cavity field of the fre-
quency ωj, its variables are in the thermal equilibrium
mixture of states. Its density operator could be given
using Fock states
ρˆj =
1
〈nj〉+ 1
∑
nj
(
〈nj〉
〈nj〉+ 1)
nj |nj〉〈nj |. (24)
where the average thermal photon number 〈nj〉 =
[exp(
h¯ωj
kBT
)−1]−1. kB is Boltzman constant. T is temper-
ature of the thermal fields. under the P representation
eq.(19) is rewritten as
ρˆj =
∫
d2αj
pi〈nj〉e
− |αj |
2
〈nj〉 |αj〉〈αj | (25)
It is clear that the P-representation of the thermal fields
is given by a Gaussian distribution. If we assumed
that the cavity fields initially are in the thermal states,
then the reduced density operator of the cavity fields is
the multi-mode extension of the thermal field operators,
namely, ρˆbath =
∏
j ρˆj . The whole density operator are
ρˆ = ρˆe
⊗
ρˆbath (26)
with density operators of exciton
ρˆe = (C|α1〉+D|α2〉)(〈α1|C∗ + 〈α2|D∗) (27)
In order to investigate the effect of the thermal fields on
coherence of the superposition states of the exciton sys-
tem , we have to calculate the wave function of the whole
system at any time t. So we set
|ψ(t)〉 = U(t)(|α〉
⊗
|αj〉) (28)
By using the same method as last section, we could ob-
tain
|ψ(t)〉 = |u∗(t)α +
∑
j
u∗(t)jλj〉
⊗
|eiωjtλj + v∗j (t)α +
∑
s6=j
v∗(t)s,jλs〉j (29)
By virtue of normalized condition
[bˆ(t), aˆ†j(t)] = 0, (30)
we could get the decoherence factor by calculating the
reduced density matirx of the exciton system.
F (t) = TrRρˆ(t) = e
(− 1
2
|α1|2− 12 |α2|2+α∗1α2)(1−|u(t)|2 ×∏
j
∫
d2λj
1
pi〈nj〉e
(− |λj |
2
〈nj〉
+ζλ∗j+ζ
∗λj)
(31)
with
4
ζ =
1
2
(α2 − α1)u(t)v∗jλ∗j (32)
Combining
1
pi
∫
d2λje
(−η|λj |2−ζλ∗j+ζ∗λ) =
1
η
e−
1
η
|ζ|2 For Re(η)〉0
(33)
we get the decoherence factor as following:
F (t) = exp[(−1
2
|α1|2 − 1
2
|α2|2 + α∗1α2)(1− |u(t)|2]
×exp[−1
4
|α1 − α2|2|u(t)|2β(t, T )] (34a)
with
β(t, T ) =
∑
j
|vj(t)|2〈nj〉 (34b)
We may transform
∑
j of eq.(34b) into
L
pic
∫∞
0
dω as ref-
erence [25]
β(t, T ) =
L
pic
∫ ∞
0
|vj(t)|2〈nj〉dωj (35)
We find that the integration in Eq.(35) is so strongly
peaked at the near ωj ≈ Ω, so we may remove the slowly
vary factor 〈nj〉. Although we may calculate an exact
integration of Eq.(35) (for the details please see the ap-
pendix A), we are more interested in the limit of the short
time, we finish the integral of Eq.(35) and obtain
β(T, t) = n¯DΓt (36)
with n¯ = (e
h¯Ω
kBT − 1)−1 and D is given in (A6). So in the
case of the thermal fields, we only keep the first order
terms of Γt and Θ2 t, the decoherence factor of superposi-
tion states of the exciton system is
F (t) = exp[(−1
2
|α1|2 − 1
2
|α2|2 + α∗1α2)Γt]×
× exp[− n¯D
4
|α1 − α2|2Γt] (37)
Under the condition of the high temperature, The deco-
herence factor is simplified
F (t) = exp[(−1
2
|α1|2 − 1
2
|α2|2 + α∗1α2)Γt]
×exp[−D
4
|α1 − α2|2 TkB
h¯Ω
Γt] (38)
So the characteristic time td of the decoherence of the
exciton system is
td = [(
1
2
|α1|2 + 1
2
|α2|2 − α∗1α2 +
D
4
|α1 − α2|2TkB
h¯Ω
)Γ]−1
(39)
It is shown that the higher the temperature of the en-
vironment is, the short the time of decoherence of the
exciton system is. if the exciton system is initial in the
odd or even coherent states, then the characteristic time
is td = [|α1|2(2 + DTkBh¯Ω )Γ]−1 So the decoherence time
becomes more shorter when the cavity fields are initially
in the thermal radiation.
V. CONCLUSIONS
The decoherence of the mesoscopic superposition
states for the exciton in a quasimode cavity is investi-
gated. We find that the coherence of the superposition
states of exciton is reduced by the interaction between
the cavity fields and the excitons. For long time we find
that because of the environment effect, the energy of the
exciton will dissipated and the states of the exciton will
turn into turn into vacuum states. We find for a short
time process, the smaller the superposition of two coher-
ent states of exciton is, the shorter the decoherence time
is. The temperature effect on coherence of the system of
exciton also is studied by virtue of the P representation.
We find that the more higher of the temperature of the
environment is, the more shorter of the decoherence time
is.
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Appendix A Solution of β(T, t)
In this appendix, we will give an integration of β(T, t) in details. From Eq.(14) and Eq.(35), we have
β(T, t) =
{
n¯
Lη2Γ2(Θ− iΓ)2
4piΘ2c
∫ ∞
0
1 + e−
Γ
2
t+iΘ
2
t − ei(ωj+Θ2 −Ω)t−Γ2 t − e−i(ωj−Θ2 −Ω)t−Γ2 t
[(ωj − Ω)2 + Γ2][(ωj + Θ2 − Ω) + iΓ2 ][(ωj − Θ2 − Ω)− iΓ2 ]
dωj + h.c.
}
5
+
n¯Lη2Γ2[Θ2 + Γ2]
4piΘ2c
∫ ∞
0
1 + e−Γt − 2e−Γ2 cos(ωj + Θ2 − Ω)t
[(ωj − Ω)2 + Γ2][(ωj + Θ2 − Ω)2 + Γ
2
4 ]
dωj
+
n¯Lη2Γ2[Θ2 + Γ2]
4piΘ2c
∫ ∞
0
[1 + e−Γt − 2e−Γ2 cos(ωj − Θ2 − Ω)t]
[(ωj − Ω)2 + Γ2][(ωj − Θ2 − Ω)2 + Γ
2
4 ]
dωj (1)
We set x = ωj −Ω, and extend the lower limit of the integral Eq.(A1) to −∞ as we do in the section II, then finish
following some integral formulations∫ ∞
−∞
dx
[x2 + Γ2][x+ Θ2 + i
Γ
2 ][x− Θ2 − iΓ2 ]
=
pi
Γ(Θ2 + i
3
2Γ)(i
1
2Γ− Θ2 )
+
i2pi
(2Θ2 + iΓ)(
Θ
2 + i
3
2Γ)(−i 12Γ + Θ2 )
(2)
∫ ∞
−∞
ei(x+
Θ
2
)t−Γ
2
tdx
[x2 + Γ2][x+ Θ2 + i
Γ
2 ][x− Θ2 − iΓ2 ]
=
pie(i
Θ
2
− 3
2
Γ)t
Γ(Θ2 + i
3
2Γ)(i
1
2Γ− Θ2 )
+
i2pie(i2
Θ
2
−Γ)t
(2Θ2 + iΓ)(
Θ
2 + i
3
2Γ)(−i 12Γ + Θ2 )
(3)
∫ ∞
−∞
cos(x± Θ2 )t]
[x2 + Γ2][(x ± Θ2 )2 + Γ
2
4 ]
dx =
pie−Γt[(Θ2
2 − 34Γ2)cos(Θ2 t) + 2ΓΘ2 sin(Θ2 t)] + 2pie−
Γ
2
t(Θ2
2
+ 34Γ
2)
Γ(Θ2
2
+ 94Γ
2)(Θ2
2
+ Γ
2
4 )
(4)
∫ ∞
−∞
dx
[x2 + Γ2][(x ± Θ2 )2 + Γ
2
4 ]
=
pi(3Θ2 ± i 32Γ)
Γ(Θ2 ± iΓ2 )(Θ2
2
+ 94Γ
2)
(5)
from eqs.(A1-A5), we can obtain obtain an exact expression of β(T, t), but we are only interested in the behavior of
the short time, because after evolution of the long time, all states of the system will return to vacumm reduced by
the eviornment. So in the condition of Γt≪ 1 and Θ2 t≪ 1, we only keep the first order small quantity, then we have
β(T, t) = n¯
[
Lη2Γ(2Θ2
2
+ Γ2)(Θ2
2
+ 2Γ2)
2c(Θ2
2
+ Γ
2
4 )
2(Θ2
2
+ 94Γ
2)
]
Γt = n¯DΓt (6)
which is needed in eq.(36).
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